In stochastic volatility models based on time-homogeneous diffusions, we provide a simple necessary and sufficient condition for the discretely sampled fair strike of a variance swap to converge to the continuously sampled fair strike. It extends Theorem 3.8 of Jarrow, Kchia, Larsson and Protter (2013) and gives an affirmative answer to a problem posed in this paper in the case of 3/2 stochastic volatility model. We also give precise conditions (not based on asymptotics) when the discrete fair strike of the variance swap is higher than the continuous one and discuss the convex order conjecture proposed by Keller-Ressel and Griessler (2012) in this context.
Introduction
Recently there are several papers proposing studying the explicit formulae of discretely sampled variance swaps in various stochastic volatility models, such as the Heston stochastic volatility model (Broadie and Jain (2008) ), the Hull-White and the Schöbel-Zhu stochastic volatility models (Bernard and Cui (2013) ). In practice, discretely sampled variance swaps are traded in the market, and usually the fair strikes of continuously sampled variance swaps are used to approximate their discrete counterparts. Jarrow, Kchia, Larsson and Protter (2013) analyze the conditions under which this approximation is valid in the setting of semi-martingales with possibly discontinuous sample paths. Our paper considers the time-homogeneous diffusion model, which corresponds to the continuous part M c of their model in Section 3, after "Standing Assumption", p315 of their paper.
We make three contributions to the current literature. First, we explicitly show the relations between the discrete and continuous fair strikes providing a simple necessary and sufficient condition for the discrete fair strike to converge to the continuous fair strike as n → ∞. Thus we extend Theorem 3.8 of Jarrow et al. (2013) and give an affirmative answer to a problem posed in their paper in the case of 3/2 stochastic volatility model. We also derive some lower and upper bounds for the difference. Second, we determine the critical value of correlation and give precise conditions (not based on asymptotics) when the discrete fair strike of the variance swap is higher than the continuous one. Thus in the case of variance swaps, we determine explicit conditions under which a case of the "convex order conjecture" proposed in Keller-Ressel and Griessler (2012) holds. Third, we find simpler expressions for the discrete variance swaps in the Heston and Hull-White models that previously appeared in Broadie and Jain (2008) and Bernard and Cui (2013) .
Section 2 presents a general expression of the discrete fair strike, and the necessary and sufficient condition for the discrete fair strike to converge to the continuous one.
Convergence of the discrete variance swap
In this section we consider the problem of pricing a discrete variance swap under the following general time-homogeneous stochastic volatility model where the stock price and its volatility can possibly be correlated. We assume a constant risk-free rate r 0 and that under a risk-neutral probability
where 
∈ L 1 loc (J) (class of locally integrable functions). Under the above conditions, the SDE (1) for V has a unique in law weak solution that possibly exits its state space J (see Theorem 5.5.15, p341, Karatzas and Shreve (1991) ). Assume also that
is differentiable at all x ∈ J.
In particular, this general model includes the Heston, Hull-White, Schöbel-Zhu, 3/2 and Stein-Stein models as special cases. In what follows, we study discretely and continuously sampled variance swaps with maturity T . In a variance swap, one counterparty agrees to pay at a fixed maturity T a notional amount times the difference between a fixed level and a realized level of variance over the swap's life. If it is continuously sampled, the realized variance corresponds to the quadratic variation of the underlying log stock price. When it is discretely sampled, it is the sum of the squared increments of the log price. Define their respective fair strikes as follows.
. The fair strike of the discrete variance swap associated with the partition 0 = t 0 < t 1 = h < ... < t n = nh = T of the time interval [0, T ] is defined as
where the underlying stock price S follows the time-homogeneous stochastic volatility model (1) and where E(·) should be understood as the expectation
Definition 2.2. The fair strike of the continuous variance swap is defined as
where S follows the time-homogeneous stochastic volatility model (1).
Throughout, for n 1, t i = ih, i = 1, 2, . . . n = T /h we denote
Definition 2.3. Let us define γ(h), a measure of the skewness of the increments of the martingale
assuming that the third moments exist.
We will generally assume:
It is easy to show a number of simple properties of this function C(h), for
and this implies that C(2 −m T ) < ∞ for some m > 1 if and only if C(T ) < ∞.
Consequently Assumption 1 is equivalent to the following assumption.
Note that in terms of the covariances, the assumption C(T ) < ∞ is a simple assertion about the integrability of the function ℓ(
Here are some useful results proved in Appendix A.
For h of the form T /n, n 1
By equation (6), Assumption 1 is implied by the stronger requirement that Jarrow et al. (2013) . First we prove a lemma. 
and taking expected values on both sides
This completes the proof.
The next result gives a general expression for the discrete fair strike price in terms of the continuous fair strike.
Theorem 2.1. Consider the general time-homogeneous diffusion model (1) and suppose that Assumption 1 holds. The fair strike of a discrete variance swap is given by
Proof. Consider the model in (1), put Y t = ln(S t ). If we define
from Itō's lemma
From this
where
s .
Since W (3) is independent of W (2) and V, and using the fact that ER 2 = 0,
Summing the terms over t = t i = ih for i = 0, 1, ..., n − 1, and then dividing by T,
and apply Lemma 2.1 to
Recall the definition of f (.) in (10). Then integrating the SDE in (11) from t i to t i + h we obtain
Remark 2.1. Some important observations follow directly from the expression (9). First note that K d (h) is a quadratic function of the risk-free interest rate r and a linear function of the correlation coefficient ρ. Since it is quadratic in r, we can obtain a lower bound that applies for all values of r,
since by (7), K 2 c h C(h). In particular
Lemma 2.2.
Proof. Note that, by Lemma 2.1,
So we obtain (18) on dividing by T. Proof. Suppose Assumption 1 holds. We have from Lemma 2.2 and (14),
We will show that Assumption 1 is equivalent to the statement C(h) → 0 as
Consider the sequence of sets in R 2 defined as the following union of n squares
and note that the Lebesgue measure of these sets λ(A h ) → 0 as h → 0.
It follows from the assumed integrability of the function ℓ(s, t) and by dominated convergence that
We now show the converse. Assume
and this implies that C(h) → 0, which implies that C(h) < ∞ for some h.
In view of the equivalence of Assumption 1 and Assumption 1', this implies C(T ) < ∞. This completes the proof.
Proof. This follows from the inequality (6) and Theorem 2.2.
Remark 2.2. The condition
holds under the Heston, Hull-White, and Schöbel-Zhu stochastic volatility models. Thus, in these models the discrete fair strikes converge to the continuous fair strikes as n → ∞, which is consistent with their explicit expressions given by Broadie and Jain (2008) and Bernard and Cui (2013) .
Condition (19) in Corollary 2.1 corresponds to the first condition of Theorem 3.8 on p.318 of Jarrow et al (2013) . Our Theorem 2.2 allows us to weaken that condition to
for some T > 0 (using their notation where σ s is the equivalent of our m(V s )).
Example 2.1 (3/2 Model). The 3/2 model is given by
where E[dW
, and ε > 0. As pointed out in Example 4.6(iii) of Jarrow et al. (2013) , the condition
s ] ds < ∞ is not satisfied for the 3/2 stochastic volatility model when q 0, and their analysis is based on Proposition 4.5 2 of their paper. Thus Corollary 2.1 or equivalently Theorem 3.8 in Jarrow et al. (2013) can not be applied in this case. They leave it as an open problem to determine whether or not the convergence of the discrete fair strike to the continuous one occurs. We give an affirmative answer: the discrete fair strike converges to the continuous one when 0 < q < 
Define a critical value of ρ such that
if γ(h) = 0, where γ(h) is given in (3). From (7), hr 2 − hK c r + 
is a strictly decreasing function of ρ. It follows that
C(h) and, similar to (16), minimizing over r, we obtain
C(h) K c . This completes the proof.
Keller- Ressel and Griessler (2012) propose the following "convex order conjecture":
where f is convex, P refers to the partition of [0, T ] in n+1 division points and We now determine the terms of (21) and use Proposition 2.1(i) to determine the critical values c * (h) for two popular stochastic volatility models Using (9) and the explicit expression of the discrete fair strike in the HullWhite stochastic volatility model obtained by Bernard and Cui (2013) and using (9),
e (2 µ+σ 2 )T − 1 T (2µ + σ 2 )(µ + σ 2 ) 1 − e µh − 1 (2µ + σ 2 )
µ (e (2 µ+σ 2 )h − 1) .
γ ( 
A Proof of Properties (5), (6) and (7)
Proof. For (5). If we denote B i = (t i , t i + h) and the square A i = {(s, t); s ∈ B i and t ∈ B i }, A 0 = the unit square, ℓ(s, t)dsdt = C(T ) since ℓ(s, t) 0.
